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Abstract
A quantitative characterization of the relationship between molecular sequence and structure is essential to improve
our understanding of how function emerges. This particular genotype-phenotype map has been often studied in the
context of RNA sequences, with the folded configurations standing as a proxy for the phenotype. Here, we count
the secondary structures of circular RNAs of length n and calculate the asymptotic distributions of dierent structural
moieties, such as stems or hairpin loops, by means of symbolic combinatorics. Circular RNAs dier in essential ways
from their linear counterparts. From the mathematical viewpoint, the enumeration of the corresponding secondary
structures demands the use of combinatorial techniques additional to those used for linear RNAs. The asymptotic
number of secondary structures for circular RNAs grows as ann 5=2, with a depending on particular constraints ap-
plied to the secondary structure. As it occurs with linear RNA, the abundance of any structural moiety is normally
distributed in the limit n! 1, with a mean and a variance that increase linearly with n.
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2010 MSC: 05A15, 05A16, 60C05, 92C40, 92E10,
1. Introduction
Notwithstanding the important role that selection has
traditionally played in evolutionary theory, evolution
is not possible if selection has not variation to act
upon. Thus mutations —widely understood as im-
perfect replications— are the fuel to evolutionary dy-
namics. But mutations act at the level of the geno-
type whereas selection acts at the level of the pheno-
type —the physical manifestation of the genotype—
, and the translation from one to the other —the so-
called genotype-phenotype (GP) map— is far from triv-
ial [1]. Most mutations have no eect on the pheno-
type (they are neutral), whereas occasionally a mutation
has a dramatic (mostly deleterious but sometimes ben-
eficial) phenotypic eect. Thus, evolutionary dynamics
is critically aected by the structure of the GP map [2].
Understanding the GP map is a challenge for the evo-
lutionary community, overall because addressing this
Corresponding author
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problem in real systems is of an overwhelming com-
plexity. Accordingly, several simplified models have
been studied to gain insights into this dicult issue [3].
Computationally tractable models incorporate only a
few levels among those involved in an actual GP map.
They have considered protein folding [4, 5] or protein
aggregation [6] at basic molecular levels, and gene-
regulatory [7] or metabolic [8] networks at higher func-
tional levels. Recent models encompass dierent levels
at the same time [9]: In contrast with simple sequence-
structure GP maps, the inclusion of dierent levels from
genotype to phenotype permits the emergence of prop-
erties such as environment-dependent molecular func-
tion.
Pioneer among those models was the folding of se-
quences of RNA into their secondary structure —taken
as a proxy for function [10, 11], which likely represents
the most studied GP map to date. Folding is driven
by base pair stacking mainly and also by the formation
of hydrogen bonds between CG, AU, and GU base pairs,
and the secondary structure of the molecule is deter-
mined by its minimum free-energy configuration. De-
spite its apparent simplicity and the inherent impossi-
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bility to capture all features of natural GP relationships,
RNA sequence-to-secondary structure maps have prop-
erties shared by all GP maps studied to date, as the rela-
tionship between the number of genotypes yielding the
same phenotype and the neutrality of the latter [12, 13].
An important question in characterizing this GP map
is how many dierent secondary structures an RNA
molecule n base pairs long can form. That problem
was solved long ago, with the help of recurrence equa-
tions and subsequent generating functions, for several
variants of the model [14, 15, 16]. Asymptotic expres-
sions were provided when n is large under dierent con-
straints imposed to the secondary structure —such as
having a minimum number of unpaired nucleotides in
hairpin loops or stems of a minimal given length. An-
other relevant question, which represents a step forward
in the relation between structure and function, is how
many secondary structures present particular structural
moieties [17, 18]. A prominent example is that of short
sequences with hairpin loops, which have been shown
to act as ribozymes with ligase catalytic activity under
general conditions [19]. This undemanding phenotype-
to-function map could have been essential in the emer-
gence of RNA molecules with complex activity in a pre-
biotic RNA world [20]. Beyond characterizing the GP
map, having closed-form expressions for the number of
RNA structures with specific structural moieties is im-
portant when comparing structure formation by natural
sequences with that of shued versions of the same se-
quence [21, 22].
The distribution of the number of dierent structural
motifs (stems and hairpin loops among others) in the
limit of n large has been shown to converge to a Gaus-
sian in the limit of large n [23, 24]. Two dierent
techniques employed to reach that goal are symbolic
methods introduced in modern combinatorics [25],
as in [23], and Knudsen-Hein stochastic context-free
grammars [26], as in [24]. In an exhaustive work [23],
Reidys tackled in depth the properties of RNA folded
structures bearing a type of tertiary interactions known
as pseudoknots. The functional form of the number of
structures with pseudoknots as a function of sequence
length n is of the general form ann b, with a 2 R+
and b 2 Q+ —their values depending on restrictions
put on the folded structure. An important constraint
is the complexity of pseudoknots, which conditions
the mathematical description of the problem. Specifi-
cally, folded RNA molecules are first reduced to a core
skeleton containing information only on the pseudo-
knot architecture of the fold. Generating functions for
the number of possible alternative core structures with
the previous architecture are derived and, subsequently,
full folds are recovered by reintroducing stems and un-
paired nucleotides in all possible compatible positions
—through composition of suitably defined generating
functions. Eventually, the total number of structures
with the required pseudoknot properties and other pos-
sible structural constraints is obtained. Further details
can be found in [23]. This tricky procedure for struc-
tures with pseudoknots is not necessary in the case of
plain secondary structures, as we show here. Applica-
tion of symbolic combinatorics to the latter case serves
as an introduction to the calculation of the number of
secondary structures for circular RNA sequences. As
will be shown, particular properties of circular RNA de-
mand the introduction of combinatorial techniques be-
yond those needed to enumerate open RNA sequences
—with or without pseudoknots.
Circular RNAs form covalently closed continuous
loops with specific properties that distinguish them from
linear RNAs. Among others, circular RNAs are small
and non-coding in most cases, and have higher resis-
tance to exonuclease-mediated degradation and higher
structural stability. Viroids, first described half a cen-
tury ago [27], are a relevant example of circular RNA.
These pathogenic, naked RNA molecules of a few hun-
dred nucleotides in length infect plants, occasionally
causing strong symptoms. The mechanisms implied in
cell entry, replication and propagation are still partly
unknown. Viroids present secondary structures with
highly conserved regions that fall within two structural
classes: rod-like and branched folds. The secondary
structure of viroids plays an essential role in chemical
function [28] and acts as a buer to control the structural
eect of point mutations [29]. Virusoids are another
class of circular RNAs that depend on helper viruses
for replication and encapsidation. They are related to
viroids, though virusoids code for some proteins. Two
interesting examples in this class of hyperpathogens are
Hepatitis delta virus [30] and the smallest known circu-
lar RNA in the viroid-virusoid class, with 220nt [31].
As in viroids, the secondary structure of virusoids is
highly compact and constrained by function. Circular
RNAs encoded in animal genomes, on the other hand,
are currently a hot topic [32]. Indeed, recent studies
report a previously unsuspected abundance of circular
RNAs, which awakes the hunch that they must play
main functional roles in the cell [33]. While some of
those circular RNAs have gene regulatory activity, the
function performed by thousand of others is as yet un-
known [32, 34]. Therefore, a theoretical understanding
of the structural diversity of secondary structures of cir-
cular RNAs appears as a timely endeavor, further con-
sidering that closed RNA sequences have folding re-
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strictionsdifferentfromthoseoftheirlinearcounter-
parts.Formalstudiesonthefoldingpropertiesofcir-
cularRNAsarelimited,tothebestofourknowledge,to
thecaseofsymmetricsequences[35],whosecontribu-
tiontothetotalnumberofsequencesandfoldsasymp-
toticalyvanishesasngrows.Aswedemonstratehere,
specificpropertiesofcircularRNAentailacompara-
tivelylowernumberofsecondarystructuresandleadto
differentasymptoticbehavior.
Thepaperisorganizedasfolows.Section2briefly
introducesthoseaspectsofthesymbolicmethod[25]
relevantforourstudy.InSection3.1wederivethegen-
eratingfunctionforthenumberofsecondarystructures
withstemsoflengthatleastsandhairpinswithatleast
munpairednucleotides,andrecovertheknownexpres-
sionsinthelimitn→ ∞. Section3.2containsthe
calculationofthefrequencyofstructureswithagiven
numberofbasepairsandisfolowedbythesimulta-
neouscountofthenumberofhairpinsinSection3.3.
Themethodextendstomultivariateanalysissuitablefor
countingcombinatorialstructureswithanynumberof
constraints,inagreementwithresultsobtainedin[24].
Thoughthesesectionsmostlyreviewresultsthatinone
oranotherformcanbefoundinthemathematicslit-
erature,webelieveitisconvenienttorephrasecertain
aspectsthatarelaterused,inordertoconveyabiolog-
icalintuitionofhowcalculationsareperformedandto
makethisworkself-contained.Section3.4introduces
themainnoveltyofthiswork,thatis,theenumeration
ofsecondarystructuresincircularRNAs,folowedbya
derivationofthedistributionsofbasepairsandhairpins
asafunctionofninSection3.5. Weclosewithabrief
discussion.
2. Methods
Afulaccountofsymbolicmethodsincombinatorics
canbefoundinPartAofRef.[25]. Weprovideavery
briefaccountinthissection.Readersfamiliarwiththis
methodcansafelyskipthissection.
AcombinatorialclassAwilbeasetofelementson
whichasizefunction|·|isdefined.Thecountingprob-
lemistoobtainan,thenumberofelementsa∈Asuch
that|a|=n.Arelatedproblemistoobtainthegenerat-
ingfunction
A(z)=
n
anzn=
a∈A
z|a| (1)
(nrunsonalpossiblesizes)whosecoefficientsyield
thesequence{an}.ThesecondwritingforA(z)turnsout
tobeveryusefulwhenthinkingabouttheseproblems,
becauseitmeansthateveryelementofAcontributesto
thesumdefiningA(z)withasmanyfactorszasitssize.
IfasecondfunctionisdefinedontheelementsofA,
namelyϕ(a)=l(representinganyotherfeatureofa),
wecanintroducethebivariategeneratingfunction
A(z,u)=
n l
an,lznul=
a∈A
z|a|uϕ(a). (2)
Clearlyan,lcountsthenumberofelementsinAofsizen
andfeaturevaluel,andthesecondwritingcanbeinter-
pretedaseveryelementa∈Aaddingtothegenerating
function—besidesthefactorzn—asmanyfactorsuas
thevalueofthefeature.
Wecancombinecombinatorialclassestoobtainnew
combinatorialclasses. Wefirsthavethecombinatorial
productC=A×B,whichisthesetmadeofthe‘com-
positeobjects’ab,wherea∈Aandb∈B(noticethat
abandbaareingeneraldifferentobjects).Thesizeof
thesetCisdefinedas|ab|=|a|+|b|(thesizeofthecom-
positeobjectisthesumofthesizesofthecomponents).
Accordingly,
C(z)=
c∈C
z|c|=
a∈Ab∈B
z|ab|=
a∈Ab∈B
z|a|+|b|=A(z)B(z).
(3)
Anotheroperationisthecombinatorialsum,C=A+
B,alsoreferedtoasdisjointunion.Cistheunionof
AandBprovidedtheelementsofthesetwosetsare
distinguishable(inotherwords,itisasifwepaintthe
elementsofthesetwosetswithtwodifferentcolorsand
thenmaketheunionofthemboth).Thereforec∈Cis
eitheranelementofAoranelementofBandinherits
thecorespondingsize.Hence,
C(z)=
c∈C
z|c|=
a∈A
z|a|+
b∈B
z|b|=A(z)+B(z). (4)
Therearefurthermorecomplexoperationswithcom-
binatorialclasses.Thus
C=SEQ(A):=E+A+A×A+A×A×A+···,(5)
whereE={ε},theclassmadeofthenulelementalone
(|ε|=0),isreferedtoasthesequenceofA,i.e.,the
combinatorialclassmadeofthenulelement,plusal
elementsofA,plusalpairsofelementsofA,andso
on. Byapplyingthetransformationrulesforthesum
andtheproduct
C(z)=1+A(z)+A(z)2+A(z)3+···= 11−A(z).(6)
Sequencescanbeconstrainedtohavecompositeel-
ementsjustofcertainspecificcompositions. Forin-
stance,SEQk(A):=A×A×···×A(ktimes)isre-
strictedtosequencesmadeofexactlykelementsofA
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—itsgeneratingfunctionbeingA(z)k.Likewise
C k=SEQ k(A)=
∞
j=k
SEQk(A),
C<k=SEQ<k(A)=
k−1
j=0
SEQk(A),
(7)
definesequencescontainingatleastkandlessthank
elementsofArespectively.Then
C k(z)= A(z)
k
1−A(z),
C<k(z)=1+A(z)+A(z)2+···+A(z)k−1
=1−A(z)
k
1−A(z),
(8)
aretheircorespondinggeneratingfunctions.
Otherinteresting operations withcombinatorial
classesarepowersets(PSET),multisets(MSET),and
cycles(CYC)[25].
PSET(A)istheclasswhosemembersaremadeof
subsetsofelementsofA.Thus
C=PSET(A):=
a∈A
E+{a} (9)
andtherefore
C(z)=
a∈A
1+z|a|=
∞
n=1
(1+zn)an
=exp

∞
k=1
(−1)k+1
k Az
k
.
(10)
(Thelaststepfolowsbywritingtheproductasthe
exponentialofasumoflogarithmsandthenTaylor-
expandingthoselogarithms.)
MSET(A)istheclasswhosemembersaremadeof
sequencesofarbitrarylengthofelementsofA.Thus
C=MSET(A):=
a∈A
SEQ{a} (11)
andtherefore
C(z)=
a∈A
1−z|a|−1=
∞
n=1
(1−zn)−an
=exp

∞
k=1
1
kAz
k
.
(12)
CYC(A)istheclasswhosemembersaremadeof
circularsequencesofarbitrarylengthofelementsof
A.ThederivationofthegeneratingfunctionofC=
CYC(A)ismoreinvolved[25,§A.4],butcanbewrit-
tenintermsofEuler’stotientfunctionϕ(k)as1
C(z)=−
∞
k=1
ϕ(k)
k log1−Az
k . (13)
Onelastclass we wil needis MSET2(A) =
CYC2(A),whosemembersarepairsofelementsofA
regardlessoftheorder(whentheordermaterstheclass
isA×A). Therearemanywaystoobtainitscor-
respondinggeneratingfunction,butperhapstheeas-
iestistofirstintroduceDIAG(A),theclassofpairs
ofidenticalelementsofA.Itscorespondinggener-
atingfunctionisAz2 —becauseitcontainsoneele-
mentperelementofA,butitssizeisdouble.Then,
C=CYC2(A):=12A×A+DIAG(A),anditsgener-atingfunctionwilbe
C(z)=12A(z)
2+Az2 . (14)
Furtherclassesanddevelopmentcanbefoundin[25].
Bywayofilustration,considertheclassTofalbi-
narytreeswithninteriornodes.Thisclasscontainsthe
treewithnointeriornodesEplusaltreesmadeofa
rootnodeU={•}fromwhichtwonewtreesofThang.
Thus
T=E+T×U×T. (15)
ThesizeofthetreeinEiszero,whereastherootnodeU
—obviouslyinterior—contributesztoT(z).Therefore
(15)translatesintoT(z)=1+zT(z)2,whence
T(z)=1−
√1−4z
2z =
∞
n=0
1
n+1
2n
nz
n, (16)
thegeneratingfunctionofCatalan’snumbers. Anice
propertyofgeneratingfunctionsisthatwedonotneed
toknowthecoefficientstoobtaintheirasymptoticex-
pression.ForthatwecanresorttoanextensionofDar-
boux’stheorem[25,17]:
Theorem1(Darboux).Letf(z)= ∞
n=0
fnzn,withfn
0,beananalyticfunctioninthecircle|z|<ζoftheform
f(z)=g(z)+h(z)1−zζ
α
+O
1−zζ
α+1, α N,
(17)
1ϕ(1)=1,andϕ(k)=pn1−11 (p1−1)···pnr−1r (pr−1)ifk=pn11···pnrr istheprimefactorizationofk>1. Thusϕ(2)=1,ϕ(3)=2,ϕ(4)=2,ϕ(5)=4,etc.
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(b)(a)
Figure1:TreerepresentationofthesecondarystructureofRNA
sequences.(a)SecondarystructureofanRNAsequencethatstarts
withastem.Stemscannotcontainlessthattwopairsofbases,and
hairpinloopscannotbemadeoflessthanthreebases.(b)Treerepre-
sentationofthestructurein(a).Filedcirclesrepresentpairedbases;
emptycirclesstandforunpairedbases.Forthesakeofclarity,the
rootofthetreein(b)andthecorespondingbasepairinthesecondary
structure(a)arecolored.
whereg(z)andh(z)areanalyticaroundζ. Then,as
n→∞,
fn= h(ζ)Γ(−α)n
−1−αζ−n1+On−1 . (18)
Appliedto T(z), Darboux’stheoremimpliestn =
4n/√πn3+On−5/2 asn→∞.
3.Results
3.1.CountingsecondarystructuresinRNA
Figure1(a)ilustratesonepossiblesecondarystruc-
tureforanRNAmoleculen=30baseslong.Some
basesarecomplementaryandcanpairupformingahy-
drogenbond,someothersarenotandremainunbound.
Sequencesofcontiguouspairedbasesformstems;un-
pairedbasesformloopsofdifferentkinds(hairpins,
bulges,mutiloops,interiorloops...).Adescriptionof
thesestructuresalongwithanilustrationofthemcan
befoundin[17].
Determiningthespecificsecondarystructureofan
RNAmoleculeisacomplexproblemthatrequiresnot
onlyacarefulenergeticminimization,butalsoconsid-
erationsontheenvironmentalconditionsandfoldingki-
netics,amongothers[36].However,somefoldingcon-
straintsariseasaconsequenceoflocalconditionsfor
energeticstability.Amongthem,twoareespecialyim-
portantandweretakenintoaccountinearlycalcula-
tionsofthenumberofrealisticRNAsecondarystruc-
tures[11]. Hereweusetwogeneralassumptionsin
agreementwiththoserestrictions:(1)nostemcancon-
tainlessthanspairs,and(2)nohairpinloopcancontain
lessthanmbases.Thisnotwithstanding,thecombina-
torialcalculationswewilbeperformingheredisregard
anyfurtherenergeticconstraints,sotheestimationpro-
videdbythismethodisonlyanupperboundtothetrue
numberoffeasiblestructures—becausesomestructures
areforbiddenonenergeticgrounds.Thesameholdsfor
thecircularRNAstructuresthatwewilcomputelater.
Wewildivideourcountingproblemintwosteps.
First,wewilcountthosefoldingsstartingwithastem
—astheoneilustratedinFigure1(a).Second,wewil
takeintoaccountthatageneralfoldingconsistsofsev-
eraloftheformeronesjoinedbyfreechains—possibly
withchainsalsoatthebeginningand/orattheend.
Atreerepresentationofthefoldingturnsouttobe
moresuitableforthesymbolicmethod.Inthisrepre-
sentationstemsappearaschainsoffileddots(•)and
loopsarerepresentedasbranchescontaininganempty
dot(◦)perunpairedbaseandachainoffileddotsper
stembranchingofftheloop(seeFigure1(b).
LetBdenotethecombinatorialclassofaltreesrep-
resentinganRNAsecondarystructurestartingwitha
stemandsubjecttothetwoaboveconstraints.Then
B=SEQ s{•}×SEQ{◦}+B−B−SEQ<m[{◦}].
(19)
ThefirstfactorSEQ s{•}standsforthesequenceof•
fromtherootofthetreetothefirstbranchingpoint.This
sequencemusthaveatleasts•,butitslengthisother-
wiseunlimited—hencetheSEQ soperator.Whatone
canfindatthefirstbranchingeventisdescribedbythe
nextfactorSEQ{◦}+B −B−SEQ<m[{◦}].Thefirst
SEQoperatormeansthatthenumberofbranchesisar-
bitraryandeachbranchcaneitherbea◦oranothertree
fromtheclassB—hencetheargument{◦}+B.Finaly,
theterm−B−SEQ<m[{◦}]excludesbranchingsthatare
notalowed:therecanbeneitherasingleBbranch—
thatwouldmeanextendingthepreviousstem—norless
thanm◦andnothingelse—thatwouldmeanahairpin
loopwithlessthanmunpairedbases.
LetB(z)= ∞n=0bnznbethegeneratingfunctionofbn,thenumberofdifferentn-longsecondarystructures
startingwithastem.Sinceevery◦(unboundedbase)in
(19)contributesztoB(z)andevery•(pairofbonded
bases)contributesz2toB(z),wecantranslate(19)as
B(z)= z
2s
1−z2
1
1−z−B(z)−B(z)−Tm(z), (20)
whereTm(z)=1+z+···+zm−1isthegeneratingfunction
ofSEQ<m[{◦}].
OncewehavecharacterizedtheclassB,theclassof
possibleRNAfoldingsRcanbeconstructedas
R=SEQ{◦}+B, (21)
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i.e.,asequenceofarbitrarylength(includingn=0)
eachofwhosecomponentsiseitheranunpairedbase
(◦)orafoldedstructurefromB.Intermsofgenerating
functions,
R(z)= 11−z−B(z), (22)
whereR(z)= ∞n=0rnzn,rnbeingthenumberofdiffer-entn-longRNAsecondarystructures.EliminatingB(z)
inthisequationandsubstitutinginto(20)leadstothe
quadraticequation
z2sR(z)2−(1−z)(1−z2+z2s)+z2sTm(z)R(z)+1−z2+z2s=0,
(23)
whosesolutionis
R(z)=(1−z)(1−z
2+z2s)+z2sTm(z)−∆(z)1/2
2z2s ,(24)
∆(z):=(1−z)(1−z2+z2s)+z2sTm(z)2
−4z2s(1−z2+z2s). (25)
ThisisEq.(43)ofRef.[17](bewareofamissingfactor
2intheleft-handsideofthatequation).
Supposez∗isthe(single)rootof∆(z)withthesmal-
estabsolutevalue.Then∆(z)=(z∗−z)Q(z)andthe
singularpartofR(z)wilhavetheform
−[z∗Q(z)]
1/2
2z2s 1−
z
z∗
1/2
. (26)
Thus,applyingDarboux’stheoremwecanconclude
rn= Cs2√πn3z
−n∗ 1+O 1n , Cs:=
Q(z∗)1/2
2z2s−1/2∗
.(27)
Fors=2,m=3weobtainz∗=0.540857...and
C2=5.263602...,leadingtothewel-knownresult
[17,Table1]rn∼1.48483n−3/2(1.84892)n.
3.2.Asymptoticdistributionofthenumberofbasepairs
Nowweaimtoobtaintheasymptoticbehavior,when
n,l→∞,ofthedistributionpn,l:=rn,l/rn,wherern,l
countsthenumberofRNAsecondarystructureshav-
ingexactlylbasepairs.Thesymbolicmethodiseasily
adaptedtoobtainpn,l.Tothisendweneedtointroduce
thebivariategeneratingfunctions
R(z,w)=
∞
n=0
∞
l=0
rn,lznwl, B(z,w)=
∞
n=0
∞
l=0
bn,lznwl,
(28)
wherebn,lcountsonlysecondarystructuresstartingwith
astem.
Equations(19)and(21)remainvalid,butnowevery
◦contributeszwhereasevery•contributesz2wtoboth
generatingfunctions(a•isbothtwobasesandabase
pair).Thus,Eqs.(20)and(22)become
B(z,w)= z
2sws
1−z2w
1
1−z−B(z,w)−B(z,w)−Tm(z),
(29)
R(z,w)= 11−z−B(z,w), (30)
andweobtainthe modifiedquadraticequationfor
R(z,w)
z2swsR(z,w)2−(1−z)(1−z2w+z2sws)
+z2swsTm(z)R(z,w)+1−z2w+z2sws=0.(31)
WecaninterpretR(z,w)asthegeneratingfunctionof
thesequenceofpolynomials
rn(w):=
∞
l=0
rn,lwl (32)
(noticethatrn,l=0ifl>n/2)andrepeatthearguments
oftheprevioussection.Thus,ifz∗(w)istherootwith
smalestabsolutevalueof
∆(z,w):=(1−z)(1−z2w+z2sws)+z2swsTm(z)2
−4z2sws(1−z2w+z2sws)
(33)
and∆(z,w)= z∗(w)−zQ(z,w),thenthesingularpart
ofR(z,w)wilbe
− 12z2sws(z∗(w)−z)
1/2Q(z,w)1/2, (34)
soDarboux’stheoremimplies(whenn→∞)
rn(w)=Cs(w)2√πn3z∗(w)
−n1+O 1n ,
Cs(w):=Qz∗(w),w
1/2
2z∗(w)2s−1/2ws.
(35)
Usingthisinformationwecanobtainthecharacter-
isticfunctionoftheprobabilitydistributionpn,l,fora
givenn,as
φn(q):=
∞
l=0
pn,leiql=
rneiq
rn(1), (36)
which,accordingtoeq.(35),wilbehave,asymptoti-
calyinn,as
φn(q)=Aseiq z∗(1)z∗eiq
n+2s−12 1+O 1n , (37)
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where
As(w):=1ws
Qz∗(w),w
Qz∗(1),1
1/2
. (38)
Thevaluesofrn(1),z∗(1),andQz∗(1),1arethoseob-
tainedinSection3.1.
From(37)itfolows
logφn(q)=n+2s−12log
z∗(1)
z∗eiq
+logAseiq+O 1n
=µniq−σ
2n
2q
2+O(q3).
(39)
Inotherwords,thedistributionpn,lbehaves,asn→∞,
asanormaldistributioninlwithmeanµn =µn+
µ0+On−1 andstandarddeviationσn = σn1/2+
σ0n−1/2+On−3/2.Theprecisevaluesdependonsand
m.Fors=2,m=3weobtainµ≈0.286472...,
µ0 ≈−0.792076...,σ ≈0.255103...,andσ0 ≈
0.247963...Accordingly,thenumberofdifferentphe-
notypesofasequenceoflengthnwithlpairedbasesis
given,inthelimitn,l→∞,by
rn,l∼ rn√2πσn
e−(l−µn)2/2σ2n, (40)
withrnasin(27). Equivalentresultswereobtained
in[23]and[24].
3.3.Countingmorethanonestructuralelement
Inthissectionwearegoingtocountthenumberof
secondarystructureswithfixednumbersofbasepairs
andhairpins.Hairpinsaregoingtobecountedwitha
variableu—eachhairpinwilcontribute utothegen-
eratingfunction.HairpinsareelementsofSEQ m[{◦}],
sowehavetoseparatethemoutin(19)andreintroduce
themwithamarku.Inotherwords,weneedtoreplace
SEQ<m[{◦}]bySEQ[{◦}]−uSEQ m[{◦}].Sincethefor-
mergivesrisetothetermTm(z)in(29),thisoperation
amountstoreplacingTm(z)by
Tm(z,u)=1−uz
m
1−z (41)
inthisandsubsequentequations.
Now,interpretingR(z,w,u)asthegeneratingfunction
ofthebivariatepolynomials
rn(w,u):=
∞
l=0
∞
k=0
rn,l,kwluk, (42)
rn,l,kbeingthenumberofRNAsecondarystructures
with lbasepairsandkhairpins, wecanobtain
theasymptoticbehavioroftheprobabilitydistribution
pn,l,k:=rn,l,k/rnthroughthatofitscharacteristicfunc-
tion
φn(q)=
rneiqp,eiqh
rn(1,1) , q:=(qp,qh). (43)
Folowingtheprocedureexplainedintheprevioussec-
tionwefind
logφn(q)=n+2s−12log
z∗(1,1)
z∗eiqp,eiqh
+logAseiqp,eiqh +O 1n,
(44)
with
As(w,u):=1ws
Qz∗(w,u),w,u
Qz∗(1,1),1,1
1/2
, (45)
z∗(w,u)beingthesingularityofR(z,w,u)withsmalest
absolutevalue,andQ(z,w,u)definedasin(33),(34),
withTm(z)replacedbyTm(z,u)definedinEq.(41).If
wenowidentify
logφn(q)=µpniqp+µhniqh−12q·Σn·q
T+O q3,(46)
weobtainthemeanvector(µpn,µhn)andcovariancema-trixΣnofabivariatenormaldistribution.Forinstance,
setings=2,m=3weget
µpn=(0.286472...)n−(0.792076...)+On−1,
µhn=(0.0378631...)n+(0.308604...)+On−1,
Σppn =(0.0650779...)n+(0.126513...)+On−1,
Σhhn =(0.0115908...)n+(0.0164609...)+On−1,
Σphn =(−0.00274347...)n+(0.00918949...)+On−1.
(47)
Thus,asymptoticaly,
rn,l,k∼ rn2π|Σn|1/2
×exp−12(l−µ
pn,k−µhn)·Σ−1n ·(l−µpn,k−µhn)T .
(48)
Obtainingthe marginaldistributionofbasepairs
amountstosetingqh=0in(46).Onecaneasilycheck
thatitcorespondtothedistribution(40).Likewise,the
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(c)
(a) (b)
(d)
Figure2:Treerepresentationofthesecondarystructureofcir-
cularRNAs.(a)SecondarystructureofacircularRNAsequence.
(b)Treerepresentationofthestructurein(a)asreadstartingfrom
theleftmosthairpin.(c)Treerepresentationofthesamestructurebut
readfromtherightmosthairpin.(d)Newtreerepresentationinwhich
squarenodesmarktheextremesofthestems—henceleaves(empty
circles)hangfromthesenodes.Eachsquarecountsonebasepairfor
eachstemmeetingatit.(Colorsaremeanttohelpunderstandtheas-
sociationbetweenbasepairsandsquarenodes.)Noticethatthistree
isuniquelydefinedbytheRNAstructureregardlessofthewaywe
readit.
marginaldistributionofhairpinsfolowsfromseting
qp=0in(46).Itturnsouttobeanormaldistribution
withmeanµhnandvarianceΣhhn.
Newstructuralelementscanbecountedinasimi-
larvein,andtheircorespondingasymptoticdistribution
wilbemultivariatenormaldistributionswhoseparam-
eterscanbedeterminedaswehavedoneinthissection.
Analogousresultsformultivariatedistributionsofstruc-
turalmotifscanbefoundin[24].
3.4.CountingsecondarystructuresofcircularRNAs
LetnowVdenotethecombinatorialclasscontaining
alsecondarystructuresofcircularRNAs.Asforopen
sequences,countingisbeterdoneusingthetreerep-
resentationofFig.1.Ifsecondarystructuresoflinear
sequencesareencodedinrootedtrees,thoseofcircu-
larsequences,forwhichanybasepaircanactasaroot,
wouldcorespondtounrootedtrees.Thereisanam-
biguitythoughwhentransformingtherootedtreerep-
resentationintoanunrootedone. Therulestotrans-
formstructuresintotreesaredirectional,asilustrated
inFig.2.Toavoidthatweintroduceanewtypeofnode,
asquare,tomarktheextremesofalstemsmeetingat
ahairpin,amultiloop,orabulge.Thesquareisunder-
stoodtorepresentabasepairforeachstemmeetingat
it. Withthisnewrepresentationeachsecondarystruc-
tureofacircularRNAuniquelydeterminesatreewith
twotypesofinnernodes—filedcirclesandsquares—
andemptycirclesforleaves,regardlessofthedirection
wechoosetoreadthestructure.
WewilneedanewcombinatorialclasstoobtainV,
namely
Bk=SEQk{•}×SEQ{◦}+B−B−SEQ<m[{◦}],
(49)
theclassofsecondaryRNAstructuresstartingwitha
stemofexactlykbasepairs. Noticethat(19)implies
thatB= k sBk,anditfolowsfrom(19)and(49)that
Bk(z)=z2k−2s(1−z2)B(z). (50)
Countingunrootedtreesisamorecomplicatedissue
thancountingrootedtrees.Asamateroffact,thestrat-
egytodoitistoreducetheproblemtocountingrooted
trees.Thisisachievedthankstoaso-caleddissymetry
theoremthatrelatesbothclassesoftrees[37,§4.1].If
FdenotesaclassofrootedtreesandGdenotesthatof
theircorespondingunrootedtrees,then
G•+G•−•=G+F×F, (51)
whereG•denotestheclassofunrootedtreeswitha
markednode,andG•−•denotestheclassofunrooted
treeswithamarkedlink.Inourcase,GstandsforV,the
classwewanttocount.AsforF×F,ananalysisofthe
proofofthetheoremrevealsthattheFsinvolvedarise
asaresultofremovinglinksintreesofG.Thus,forthe
kindoftreesweaimatcountingweneedtoadaptthis
result,becauselinksinVarepartofastem,andstems
musthaveatleastsbasepairs.Also,asleaves(empty
circles)arenevertherootofatree,theargumentcan
focusoninnernodesandinnerlinks.
Considerv∈V.Removinganinnerlinkinvyields
twotrees,onebelongingtoBjandanotheronebelong-
ingtoBk,suchthatj,k 1andj+k s.Therefore
Fs:=F×F=
j+k s
j,k 1
Bj×Bk. (52)
Letusnowmarkalinkofvtotransformitintoanele-
mentofV•−•.TworootedtreesfromBjandBk—with
thesameindexconstraints—hangfrombothsidesof
themarkedlink.Sincetheorderofthesetwotreesis
irelevant,
V•−•=12(Fs+Ds), Ds:=2js
DIAG(Bj),(53)
usingtheideabehindthedefinitionofCYC2(Sec.2).
Finaly,ifwemarka•nodeasroot,thetwohanging
branchesareonetreefromBjandanotheronefromBk,
suchthatj,k 1andj+k s−1;butifwemarka
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nodeasroot,theresultingtreeisformedbyaringfrom
whicheitherleaves(◦)orBtreeshang.Thus
V•={•}×12(Fs−1+Ds−1)+CYC{◦}+B
−B×SEQ<m{◦}−CYC2[B],
(54)
wherethetwolasttermsstandfortheremovalofhair-
pinsnotalowedbytheconstraints(B×SEQ<m{◦})
andofcyclescontainingjusttwoBtreesandno◦leave
(CYC2[B]) —whichwouldbeindistinguishablefrom
longerstems.Summarizing,
V=12{•}×Fs−1−Fs+{•}×Ds−1+Ds
+CYC{◦}+B−B×SEQ<m{◦}−CYC2[B].
(55)
Now,
Fs(z)=B(z)
21−z22
z4s j+k s
j,k 1
z2(j+k)
=B(z)
21−z22
z4s
∞
l=s
(l−1)z2l
=B(z)
2
z2s s−1−(s−2)z
2,
(56)
andsimilarly
Fs−1(z)=B(z)
21−z22
z4s
∞
l=s−1
(l−1)z2l
=B(z)
2
z2s+2 s−2−(s−3)z
2,
(57)
sothegeneratingfunctionof{•}×Fs−1−Fsis
B(z)2
z2s s−2−(s−3)z
2−B(z)
2
z2s s−1−(s−2)z
2
=−B(z)
2
z2s 1−z
2.
(58)
Ontheotherhand,
Ds(z)=
2k s
Bkz2 =Bz
2 1−z4
z4s 2k s
z4k (59)
and
Ds−1(z)=Bz
2 1−z4
z4s 2k+1 s
z4k, (60)
sothegeneratingfunctionof{•}×Ds−1+Dsis
Bz2 1−z4
z4s

2k+1 s
z2(2k+1)+
2k s
z2(2k)

=Bz
2 1−z4
z4s
∞
l=s
z2l=Bz
2 1+z2
z2s .
(61)
Ifwetakeintoaccountthatthegeneratingfunctionof
CYC2[B]is 1
2B(z)
2+Bz2 , (62)
wefinalyobtain
V(z)= 12z2sBz
2 1+z2−z2s−B(z)21−z2+z2s
−
∞
k=1
ϕ(k)
k log1−z
k−Bzk −B(z)Tm(z),
(63)
orusing(22),
V(z)= 12z2sBz
2 1+z2−z2s−B(z)21−z2+z2s
+
∞
k=1
ϕ(k)
k logRz
k−B(z)Tm(z).
(64)
Incidentaly,B(z)isderivedstraightawayfrom(22)as
B(z)=(1−z)(1−z
2+z2s)−z2sTm(z)−∆(z)1/2
2(1−z2+z2s) .(65)
Table1liststhecoefficientsofV(z)upton=39—
discounting1fortheunfoldedchain.Forlongchains
wecanobtainanasymptoticformulaoutof(64).De-
spiteitsappearance —especialybecauseofthepres-
enceofaninfiniteseries—,findingthesingularityz∗
closesttotheoriginofV(z)isaneasytask.Thatsin-
gularityistobefoundinthefunctionsB(z)andR(z),as
arootof∆(z). Weknow0<z∗<1becausealco-
efficientsinthepowerseriesV(z)arelargerthan1(as
amateroffact,fors=2,m=3wealreadyfound
z∗=0.540857...).Thismeansthatthecorespond-
ingrootoftermsoftheform∆zk,withk>1,wilbe
z1/k∗ >z∗.Inotherwords,altermsBz2andRzkwith
k>1areanalyticatz∗.Theonlypossiblycompeting
singularitywouldcomefromarootofR(z)inlogR(z).
ButR(z)=0implies1−z2+z2s=0,whosesolutionsfor
s=2are±e±iπ/6andthereforetheirmodulusislarger
thanz∗.
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Table1:Numberofsecondarystructures —excludingtheunfolded
chain—ofacircularRNAsequenceoflengthn(wehavesets=2
andm=3).
n #struct. n #struct. n #struct.
10 1 20 105 30 20423
11 1 21 166 31 35091
12 3 22 287 32 60838
13 3 23 486 33 105169
14 6 24 816 34 182728
15 7 25 1364 35 317068
16 14 26 2368 36 552059
17 20 27 4011 37 961008
18 38 28 6972 38 1677222
19 59 29 11811 39 2928607
Fromthisdiscussionweconcludethatthesingular
termsofV(z)thatwilcontributetotheasymptoticbe-
haviorofitscoefficientsarethosecontainingB(z),B(z)2
andlogR(z). Accordingly,V(z)canbewriten,when
∆(z)→0,as
V(z)=ζ(z)+ (1−z)(1−z
2+z2s)−z2sTm(z)∆(z)1/2
4z2s(1−z2+z2s)
+ Tm(z)∆(z)
1/2
2(1−z2+z2s)−
∆(z)1/2
(1−z)(1−z2+z2s)+z2sTm(z)
− ∆(z)
3/2
3(1−z)(1−z2+z2s)+z2sTm(z)3
+O∆(z)5/2
=ζ(z)
+ ∆(z)
3/2
4z2s(1−z2+z2s)(1−z)(1−z2+z2s)+z2sTm(z)
− ∆(z)
3/2
3(1−z)(1−z2+z2s)+z2sTm(z)3
+O∆(z)5/2,
whereζ(z)isananalyticfunctioninacirclecontaining
z∗.Now,since(1−z)(1−z2+z2s)+z2sTm(z)=2zs(1−
z2+z2s)1/2+O∆(z)folowsfromtheverydefinitionof
∆(z),theexpressionabovesimplifiesto
V(z)=ζ(z)+ ∆(z)
3/2
12z3s(1−z2+z2s)3/2+O∆(z)
5/2.(66)
AsinSec.3.1wecanwrite∆(z)=(z∗−z)Q(z),so
nearz∗
V(z)=ζ(z∗)+ Q(z∗)
3/2
12z3s−32∗ (1−z2∗+z2s∗)3/2
1−zz∗
3/2
+O
1−zz∗
5/2,
(67)
andthenDarboux’stheoremyields
vn= 3Ks4√πn5z
−n∗ 1+O 1n ,
Ks:= Q(z∗)
3/2
12z3s−32∗ (1−z2∗+z2s∗)3/2
.
(68)
Fors= 2,m = 3weobtainK2 = 3.445906...,
so wefindtheasymptoticestimateforthenum-
berofstructuresofcircularRNAsequencesvn ∼
1.45811n−5/2(1.84892)n.
3.5.BasepairsandhairpinsincircularRNAs
Wecanintroducevn,l,k,thenumberofcircularRNAs
withlbasepairsandkhairpins,andV(z,w,u),thegen-
eratingfunctionofthebivariatepolynomials
vn(w,u)=
∞
l=0
∞
k=0
vn,l,kwluk. (69)
Thisgeneratingfunctioncanbeobtained,folowingthe
stepsinsections3.2and3.3,tobe
V(z,w,u)= 12z2swsBz
2,w2,u2 1+z2w−z2sws
−B(z,w,u)21−z2w+z2sws
+
∞
k=1
ϕ(k)
k logRz
k,wk,uk
−B(z,w,u)Tm(z,u).
(70)
Itfolowsfromthisequationandtheasymptoticanal-
ysisintheprevioussectionthatthecharacteristicfunc-
tionφn(q)oftheprobabilitydistributionpn,l,k:=vn,l,k/vn
isasymptoticalygivenby
logφn(q)=n+3s−32log
z∗(1,1)
z∗eiqp,eiqh
+logDseiqp,eiqh +O 1n,
(71)
10
where
Ds(w,u):= Qz∗(w,u),w,u1−z∗(1,1)
2+z∗(1,1)2s
wsQz∗(1,1),1,11−z∗(w,u)2+z∗(w,u)2s
3/2
.
(72)
Asexpected,theleadingtermisthesameasin(44).
Identifyingthisexpressionwiththeexpansion(46)
weobtain,fors=2,m=3,theprobabilitydistribution
(48)with
µpn=(0.286472...)n+(0.773395...)+On−1,
µhn=(0.0378631...)n+(0.681247...)+On−1,
Σppn =(0.0650779...)n−(0.060170...)+On−1,
Σhhn =(0.0115908...)n−(0.0258221...)+On−1,
Σphn =(−0.00274347...)n+(0.0427301...)+On−1.
(73)
4.Discussionandconclusions
Thesymbolicmethodcanbeextendedtothecaseof
circularRNAsinordertocalculatethetotalnumberof
closedsecondarystructuresforsequencesoflengthn
andtheasymptoticdistributionsofthenumberofstruc-
tureswithspecificmoieties. CircularizationofRNA
eliminatessomedegreesoffreedomthattranslateinto
anumberofsecondarystructuresn-foldlower,ascom-
paredtotheopenlinearcounterpart. Theexponent
b=5/2alsoappearsintheenumerationofunrooted
trees[25],ofwhichcircularRNAsareaparticularcase.
Therelationshipbetweenstructureandfunctionin
circularRNAshastobestrongerthaninlinearRNAs,
dueatleasttothenon-codingnatureofmostofthefor-
mer.Fromanevolutionaryviewpoint,circularization
ofRNAsmightbealow-costproceduretoseeknew
molecularfunctions.Closedstructuresdifferinessen-
tialwaysfromtheiropencounterpartsintheirstabil-
ityproperties,andmayaswelbinddifferentmolecules
due,forinstance,tothesequencesbroughttogether
whenopenendsarecovalentlyclosed[34].Atthesame
time,thenumberofavailablefoldsdecreasesundercir-
cularizationbyessentialyafactorn.Thisseverede-
creaseinstructuralrepertoirewithrespecttotheopen
moleculeimpliesthat,onaverage,therearentimes
moresequencesthatfoldintoaclosedstructurethan
intoanopenstructureofthesamelength.Themuta-
tionalrobustnessofclosedstructuresisthereforevery
muchenhanced.
TheenumerationofcircularRNAstructureswith
pseudoknotsisanopenproblemwithrelevance,among
others,tobeterunderstandtheinvivoconformations
adoptedbyviroids[28]andothercircularRNAsen-
codedingenomes,andtheidentificationoftheirhypo-
theticalinteractingsites.Acombinationofthesymbolic
methodandtheadditionaltechniqueshereusedforcir-
cularRNAmightfacilitatetheachievementofthatgoal.
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